A universal family of elliptic curves of rank 4 with 3-division rational points is constructed. The base space is shown to be an elliptic K3 surface whose group of sections is of infinite order. Thus we obtain infinitely many such elliptic curves with mutually distinct j-invariants.
Introduction.
In [5] , we have reduced the problem of constructing elliptic curves of rank n (n ≥ 1) with generators to the problem of finding rational points on a certain variety V n using the theory of twist. Moreover we have obtained all elliptic curves of at least rank n (1 ≤ n ≤ 7), by parametrizing all rational points on V n .
The aim of this paper is to construct a universal family of elliptic curves of at least rank 4 with 3-division rational points by applying our previous results. When we treat such problems, it seems that the condition, existence of a 3-division rational point, is classified as a special type. Therefore this condition is one of the characteristics of this paper. Furthermore, by the universality of V 4 , the extra condition for elliptic curves to have 3-division rational points should give rise to a subvariety of V 4 . Our results will determine the structure of the subvariety W 4 quite explicitly. More precisely we will see that W 4 is a K3 surface with many lines on it. Using these lines, we can provide W 4 with a structure of elliptic surface and we find the rank of the group of its sections is at least 1. Thus we obtain a universal family of elliptic curves with 3-division rational points whose rank is at least 4, which is prametrized by an elliptic K3 surface with infinitely many rational curves. By universal family we mean that every elliptic curve of rank 4 with a 3-division rational point is a member of our family. We are aware that there are several attempts to construct some examples of such elliptic curves. But the universal nature of our result assures us that any such examples live in our family. This paper is organized as follows.
In Section 2, we review the theory of twist and the defining equation of the base space in the case of rank ≥ 5 in [5] .
In Section 3, the equation of the base space for the case of rank 4 is derived from that for the case of rank 5. It is shown to be rational threefold and its rational points are parametrized.
In Section 4, we determine the subvariety of the base space, which corresponds to the elliptic curves with nontrivial 3-division point. We show that it has the structure of an elliptic surface of rank ≥ 1.
In the final Section 5, we construct an example of an elliptic curve of rank ≥ 4 with 3-division rational point by our method.
Twist.
We recall the theory of twist developed in [5] . Let E be an elliptic curve over a number field k defined by the equation:
and let f (x) be the right hand side of (1). For integers n ≥ 2, let V n be the variety defined by the equations
Since V n is birational to the quotient variety of E n by the action of (−id, . . . , −id), the degree of the field extension k(E n )/k(V n ) is equal to 2. The following result is fundamental.
and the rank of
By Theorem 3.1 in [5] , any given elliptic curve of rank n is obtained by specialization at a certain rational point on V n .
In order to investigate the rational points on V n , we put x i = α i−1 (i = 1, . . . , n), and we regard them as independent variables. We denote k(α 0 , . . . , α n−1 ) by K and regard V n as a variety over K. Then for n ≥ 5, V n is expressed as follows. 
3. On the base space of generic family of rank 4.
In [5] , there are marked differences between the way of treating with V 4 and that of V n (n ≥ 5). But for our purpose, it is convenient to express V 4 in a similar form to V n (n ≥ 5). 
where a =
Proof. It is enough to show that the existence of the birational map of V 4 to P 3 . Let ϕ be the map of V 4 to P 3 given by
and ψ be of P 3 to V 4 given by
, and divide each coordinate by f (α 0 )e. Then the first-coordinate of this becomes
to the fourth row of the matrix of the determinant in (2), we find the value of (2) to be equal to a. By a similar row transformation the i-th
Consequently these maps are inverse to each other.
It follows from this theorem that the equation of the elliptic curve which corresponds to a point (Y 0 , Y 1 , Y 2 , Y 3 ) ∈ P 3 is given by
and that the coordinates of four rational points on it are (α i , Y i ) (i = 0, 1, 2, 3). One can check this fact easily by tracing the map ψ. Moreover we recall the following result which shows the universality of the variety V 4 : Theorem 3.2. Any elliptic curve over k with four k-rational points comes from a k-rational point of V 4 .
Base space of the family of rank 4 with three-division rational point.
The equation of an elliptic curve with 3-division rational points is expressed in general as
where the coordinate of a 3-division point is (0, c). Therefore the condition that the elliptic curve defined by (4) has a 3-division rational point is
This is transformed as follows.
Lemma 4.1. The variety W defined by Equation
Moreover this is K-birational to the elliptic surface W 4 over P 1 with coordinate (λ, µ) defined by the following simultaneous equation:
(8)
Proof. Since the equations in (6) are quadric forms in
W is a (2, 2, 2)-complete intersection in P 5 . By Jacobian criterion, one can check that it is nonsingular, so it is a K3 surface. Moreover the first equation of (6) eZ 2 1 − b = 0, is expressed as
Similarly, the second and third equations are also expressed as 
This simultaneous equation is equivalent to the inequality rank
Consequently (9) is equivalent to rank S 2 < 5, i.e., rank
Applying Proposition 4.2 again, we obtain the equations
Therefore the variety W is defined by the equations
Further the variety W is K-birational to W 4 . In fact, let ρ be a map of W 4 to W defined by
Then this map is K-birational. Consequently the assertion of the lemma follows.
Remark. By (10), W contains 16 lines defined by the equations
which we denote by (ε 0 ε 1 ε 2 ε 3 ). The rank of the intersection matrix is 11, however, so these are not independent in Néron-Severi group of W .
Remark.
In the above lemma, α i (i = 0, 1, 2, 3) are assumed to be independent variables. But W is still a K3 surface even if we assume only that α i ∈ k * are distinct. 
The converse is clear.
Lemma 4.3. The rank of the group ES(K)
which consists of the sections on elliptic surface W 4 over P 1 is greater than or equal to 1.
Proof. It is sufficient to prove this when α i = i + 1 (i = 0, . . . , 3). Then singular fibers are checked to be of type I 4 in Kodaira symbol at (λ, µ) = (0, 1) and (1, 0), I 2 at (3 ± i √ 23, 16) and (1 ± i √ 7, 8), and I 1 at the roots of (4096λ 8 − 1187840λ 7 µ + 1544192λ 6 µ 2 + 670720λ 5 µ 3 + 263296λ 4 µ 4 + 83840λ 3 µ 5 + 24128λ 2 µ 6 − 2320λµ 7 + µ 8 ). These values of (λ, µ) are given by the poles of j-invariant of the generic fiber (see Lemma 4.4). The 16 lines l(ε 0 ε 1 ε 2 ε 3 ) ⊂ W mentioned above are transformed into W 4 by the birational map in Lemma 4.1 as follows: Lines l(00ε 2 ε 3 ) (ε 2 , ε 3 = 0 or 1) are sections, l(01ε 2 ε 3 ) (respectively l(10ε 2 ε 3 )) are four P 1 s which constitute the singular fiber at (λ, µ) = (1, 0) (respectively (0, 1)), and l(11ε 2 ε 3 ) are exceptional. We now show that the rank of ES(K) is at least 1 by using the sections l(00ε 2 ε 3 ). We will check this by looking at their intersection points with the singular fiber at (λ, µ) = (3 + i √ 23, 16). Let C 1 (respectively C 2 ) denote the curve defined by (7) (respectively (8)) with (λ, µ) = (3 + i √ 23, 16). Then C 1 (respectively C 2 ) intersects with l(0000) and l(0001) (respectively l(0010) and l(0011)). The equation of C 1 is given by 
In particular, the elliptic surface W 4 is nontrivial.
Proof. We transform the equation of the generic fiber which is given by (7) and (8) to the canonical form. Let
Then we see that it has a rational point (x, y, z, t) = (0, 0, 0, 1). Hence by the standard method (see e.g., [1] ), the (2, 2)-intersection is transformed into the quartic form with a rational point P , and into a Weierstrass form y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 , where
On the other hand, the coordinate of the 3P (3, 1) is (3P (3, 1) ) is
Let j 2 be the value of j-invariant of this elliptic curve. The elliptic curve has a good reduction at p = 23, and its equation becomes
so j 2 = 19 and on the other hand j 1 = 21. Consequently j 2 is different from j 1 . Let Proof. As we have seen in [5] , every elliptic curve of rank ≥ 4 comes from a rational point of V 4 . Moreover, by the explanation given in the beginning of Section 4, any elliptic curve with 3-division point can be transformed to the form (5). Hence every elliptic curve of rank ≥ 4 with 3-division rational point arises as a rational point of W .
Example.
In this section, we give an example which belongs to our family. Proof. Put α i = i + 1 (i = 0, 1, 2, 3) and (λ, µ) = (3, 1). Then, the point P (3, 1) does not give an elliptic curve because it is a quadric curve. Transforming (17) into the minimal form, we obtain Equation (14), four rational points in (15), and the 3-division rational point in (16). The regulator of four points in (15) is found to be equal to 973.328878874 . . . , hence these points are independent.
